ABSTRACT. Given integer e ≥ 4, we have constructed a class of symmetric numerical semigroups of embedding dimension e and proved that the cardinality of a minimal presentation of the semigroup is a bounded function of the embedding dimension e. This generalizes the examples given by J.C. Rosales.
A numerical semigroup Γ is a subset of the set of nonnegative integers N, closed under addition, contains zero and generates Z as a group. It follows that (see [6] ) the set N \ Γ is finite and that the semigroup Γ has a unique minimal system of generators n 0 < n 1 < · · · < n p . The greatest integer not belonging to Γ is called the Frobenius number of Γ, denoted by F (Γ). The integers n 0 and p + 1 are known as the multiplicity m(Γ) and the embedding dimension e(Γ), of the semigroup Γ. The Apéry set of Γ with respect to a non-zero a ∈ Γ is defined to be the set Ap(Γ, a) = {s ∈ Γ | s − a / ∈ Γ}.
Let e ≥ 4 be an integer. It is still not known whether the cardinality of a minimal presentation of a symmetric numerical semigroup Γ with embedding dimension e is a bounded function of e. This was answered in affirmative by Bresinsky for e = 4 in [1] , and for certain cases of e = 5 in [2] . Rosales [7] constructed numerical semigroups for a given multiplicity m and embedding dimension e, which are symmetric, and showed that the cardinality of a minimal presentation of these semigroups is a bounded function of the embedding dimension e. Our aim is to construct similar classes of numerical semigroups by introducing another parameter d in Rosales' construction. The value d = 1 gives nothing but Rosales' construction and therefore our results generalize Rosales' results. We construct numerical semigroups Γ (e,q,d) (S) and Γ (e,q,d) (T ) of embedding dimension e in 1.1, and prove that both are symmetric in 1.3. We also prove that µ(Γ (e,q,d) (S)) = µ(Γ (e,q,d) (S)) = e(e−1) 2 − 1; see 1.6. We will see that both S and T have the following form: m, m+d, n, n+d, n+2d, . . . , n+(e−3)d, for suitable positive integers m, n, d. It is clearly a concatenation of two arithmetic sequences with the same common difference d. Moreover, with suitable condition on these integers we can make sure that this concatenation can not be completed to a complete arithmetic sequence with first term m and common difference d. We feel that semigroups generated by such sequences would give us a model for creating examples of numerical semigroups whose cardinality of a minimal presentation and also perhaps the higher Betti numbers are not bounded functions of the embedding dimension e. This would then generalize examples defined by Bresinsky [3] , [5] , in arbitrary embedding dimension. In light of this study and [4] , it seems that one requires a non-linear dependence between the integers m and e in order to obtain the right generalization of Bresinsky's examples. }. The set T is a minimal generating set for the numerical semigroup Γ (e,q,d) (T ) generated by T .
Proof. First of all it is easy to see that both the semigroups Γ (e,q,d) (S) and Γ (e,q,d) (T ) are numerical semigroups and that follows from the simple observation that gcd(m, m + d) = 1. We now prove that both S and T are minimal.
(1) Suppose that (q + 1)m + (q + 2)d = x 1 m + x 2 (m + d), where x 1 , x 2 ≥ 0 are integers. Since x 1 , x 2 both are positive we have x 2 < q+2. The equation (x 1 + x 2 − (q + 1))m = (q + 2 − x 2 )d and the fact that gcd(m, d) = 1 implies that x 2 = q + 2 − lm, for some integer l ≥ 0. If l > 0 then x 2 < 0 gives a contradiction. If l = 0 then x 2 = q + 2 also contradicts the fact that x 2 < q + 2. Therefore, (q + 1)m + (q + 2)d does not belong to the semigroup generated by m and m + d.
Similarly, assume that
where x 1 , x 2 , t i are nonnegative integers. Then, we can write
and therefore x 1 = 1 − k < 0, which also gives a contradiction.
(2) The proof is similar as in (i).
The Apéry set Ap(Γ (e,q,d) (S), m) for the numerical semigroup Γ (e,q,d) (S) with respect to the element m is β 1 ∪ β 2 ∪ β 3 , where
The Frobenius number of
with respect to the element m is γ 1 ∪ γ 2 , where
it is easy to see that the elements of β 1 ∪ β 2 ∪ β 3 form a complete residue system modulo m. Again S is minimal generating set for Γ (e,q,d) (S), therefore elements of S occur in the Apéry set Ap(Γ (e,q,d) (S), m). Now we show that
Suppose that
and t 2 , . . . , t e−1 are nonnegative integers. If t i > 0, for some 2 ≤ i ≤ e − 1,
To show that β 2 ⊂ Ap(Γ (e,q,d) (S), m), we proceed by induction on k. If k = 0, we have (q + 1)m + (q + e − 1)d ∈ S ⊂ Ap(Γ (e,q,d) (S), m). Suppose that, for k = 0, . . . j−1 ≤ q, the element k(m+d)+(q+1)m+(q+e−1)d ∈ Ap(Γ (e,q,d) (S), m). Let
and the element (x 1 −j)(m+d)+
and we are done.
By induction hypothesis we have 
Let us consider
This can be rewritten as
which is clearly nonnegative, since j ≤ q+1. Therefore β 2 ⊂ Ap(Γ (e,q,d) (S), m). Finally, β 3 ⊂ S and therefore β 3 ⊂ Ap(Γ (e,q,d) (S), m).
Note that a maximal element of the Apéry set is (q + 1)(e + 2q + d + 1) + 2q 2 + (e + 3 + d)q + e + (e − 1)d + 1. Therefore, the Frobenius number of Γ (e,q,d) (S) is 4q 2 + (2e + 2d + 4)q + e(d + 1) + 1.
(2) The proof for proving that the set γ 1 ∪ γ 2 is the Apéry set for the numerical semigroup Γ (e,q,d) (T ) with respect to m is similar as in (i). We observe that, max γ 1 = 2q 2 + (e + 1)q + (q − e − 4 2 + e − 3)d + e 2 and max γ 2 = (e + 2q + d)(2q + 1). Therefore max γ 2 − max γ 1 = 2q 2 + qd + 3e 2 + 3q + 2d − ed 2 > 0, since q ≥ e − 4 and e ≥ 4.
Hence, the Frobenius number of Γ (e,q,d) (T ) is (e + 2q + d)2q + d. 
2m Putting in the value of w∈Ap(Γ (e,q,d) (S),m) w and m = e + 2q + 1 in the expression for g(Γ (e,q,d) (S)), we get the desired relation between the gap and the Frobenius number. Hence the numerical semigroup Γ (e,q,d) (S) is symmetric.
(2) The proof is similar as in (1).
Proof.
(1) Case A. Let n i +k ′ (m+d) = k(m+d)+(q +1)m+(q +e−1)d, for some fixed k ∈ {1, . . . , q} and k ′ ∈ {1, . . . , q + 1}. From the above equation we have
We consider the the following possibilities: 
We consider the the following possibilities: (1) Each element except the maximal element of the Apéry set Ap(Γ (e,q,d) (S), m) has a unique expression.
(2) Each element except the maximal element of the Apéry set Ap(Γ (e,q,d) (T ), m) has a unique expression. Proof. Proof is essentially the same as in Proposition 7 and Proposition 8 in [7] .
